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1. Introduction 
Let 
J 
0x(x+%(x, t)y(t) dr=g(x), O<x<l, O(a<l, (1.1) 
be the Abel integral equation of the first kind, where g(x) and k(x, t) are known functions, 
g(x) is a continuous function, k(x, t) is subject to a Lipschitz condition with respect to the 
variable t, on 0 < t G x G 1 and moreover k(x, x) # 0. 
In this paper we consider again the discretization method based on the concept of product 
integration, that is a method employing an interpolatory product-quadrature formula with a 
trigonometric polynomial of the first order. This method gives better results when the solution is 
oscillant. 
Recently in [l] we have obtained the convergence of order two for the method only for [G, 1) 
with G = 0.103206841183DO; in this paper we prove that the analyzed method is convergent of 
order two for all (Y E (0, l), under the same hypothesis of regularity for the functions v(x), k(x, 
t). 
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2. The discretization method 
The procedure used in [l] is the following: first we collocate equation (1.1) on the points 
xi = ih, where h = l/N is the step size and then approximate the function k(xi, t)y(t) with an 
interpolatory formula which uses a trigonometric polynomial of the first order. 
Denoting by k,,! = k( xi, xi) and gi = g(x,), i = 1,. . . , N, j = 0, 1,. . . , N, we obtain a linear 
system of N equations in N + 1 unknowns 
h’-‘-$iki,Oy(0) + h’-” i +i_jki,jyj = gi, i=l,..., N, (2.1) 
j=l 
where yj is the value of y(x) at xi=jh, j=l,..., N. 
If we set 
sin i(h-hlzl) 
b(z) = sin ih 
, Iz( ~1, h<2r, 
0, otherwise, 
and 
bj(z) =b(z-j), j=O ,..., N, 
we obtain for the weights the following expressions 
+i_j=i’(i-z)P”bj(z) dz=(&)i,j, l<j<i<N, 
&=Jd(i-z)-ab,(z) dz, i=l,..., N. 
A procedure to evaluate the weights is given in [l]. 
P-2) 
(2.3) 
(2.4) 
(2.5) 
3. Convergence of the method 
To study the convergence of the method, we are interested in estimating the norm 
where Y=(J(h),...,y(hN))T ’ indicates the exact solution of (1.1). 
In [l] we have studied the convergence of this method and have obtained the convergence of 
order two only when the parameter (Y E [&,l) with & = 0.103206841183DO. 
Now we are able to demonstrate the following theorem. 
Theorem 1. If in the interval [0, l] the functions y” and a2k/at2 satisfy a Lipschitz condition (y”, 
a2k/at2 E Lip,l), then the method is convergent of order two, t/a E (0, 1). 
The proof of this theorem follows the same scheme of the proof of the analogous theorem in 
[l]. We only change [l, Lemma 3.91 by considering the following lemma. 
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Lemma 2. The semicirculant matrix 8, defined in Section 2 is invertible. Let 
(3.1) 
we obtain 
II8-’ 11 o. = O(h’-“), (3.2) 
and then 
d, = O(n-‘+), n + 00. (3.3) 
We here outline the proof of Lemma 2. 
Indeed, we consider the trapezoidal method applied to the Abel integral equation with 
k(x,t) = 1, Vx,t E [0, 11 written in the following form. Let us put 
B(z) = :, - Iz’, 
1 , 
;;;,“,t,a 
, 
and 
BJz)=B(z-j), j=O,...,N; 
then we can write 
h’-” i _yjJi(i - z)-“B,(z) dz = gi - hl-ayOi’(i - z)-“&(z) 
(8T)i.j=Ji(i-z)-eBj(z)dz l<J<i<N > 3 
0 
‘[j-l. jtl] = ” 
( Iz-j’ <17 0 9 otherwise, 
we obtain the following estimate 
II 6 - is IIm < ih2max i /‘(i - z)paI~j_l, j+ll dz 
i j=l 0 
We know that VCY E (0, 1) (see [2, Theorem 2.6, p.7081, [3, p.lOO], and also [4,5]) 
II(3J111, = Oth’-‘7; 
(3.4) 
then (3.2) and (3.3) easily follow from (3.4). 
250 M.R. Capobianco /Abel integral equation 
Acknowledgement 
I wish to thank Professor Eggermont for his helpful suggestions. 
References 
[l] M.R. Capobianco, A method for the numerical resolution of Abel-type integral equations of the first kind, J. 
Comput. Appl. Math. 23 (3) (1988) 281-304. 
[2] C. Lubich, Discretized fractional calculus, SIAM J. Math. Anal. 17 (1986) 704-719. 
[3] C. Lubich, Fractional multistep methods for Abel-Volterra integral equations of the first kind, ZMA J. Numer. 
Anal. 7 (1987) 97-106. 
[4] 0. Nevanlinna, On the numerical solutions of some Volterra equations of infinite intervals, Anal. NumPr. The’or. 
Approx. 5 (1) (1976) 31-57. 
[5] 0. Nevanlinna, On the stability of discrete Volterra equations, in: C.T.H. Baker and G.F. Miller, Eds., Treatment 
of Zntegral Equations by Numerical Methods (Academic Press, New York, 1982) 139-147. 
